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^ ' Abstract 



C^ ■ 

In this paper we study a quantum anafogue of a degenerate principal series of 

C/qSU„^„-modules (0 < g < 1) related to the Shilov boundary of the quantum n x n- 

^1. [ matrix unit ball. We give necessary and sufficient conditions for the modules to be 

<^ 

^3 ' simple and unitarizable and investigate their equivalence 

o' 

^r ■ These results are q-analogues of known classical results on reducibility and uni- 

1-^ ' tarizability of SU{n, n)-modules obtained by Johnson, Sahi, Zhang, Howe and Tan. 

PACS numbers: 02.20.Uw, 02.20.Sv. 



I Introduction 

In this paper we investigate a quantum analogue of the degenerate principal series of 
representations of the algebra UqSUn,n related to the Shilov boundary of the quantum 
n X n-matrix unit ball. We give necessary and sufficient conditions for the representations 
to be irreducible and unitary. 

In this work we provide q-analogues of classical results obtained by Kenneth 
D.Johnson, Siddhartha Sahi, Genkai Zhang, Roger E.Howe and Eng-Chye Tan ^ |21 
El in El- Another degenerate principal series is considered in the A.Klimyk and S.Pakuliak 
paper 0. 

We use Bargman's approach for investigating representations (see |7|, where unitary 
strongly continuous irreducible representations of the group SU (1,1) were described). 
Explicit formulas for operators of sui i-representations were found in a weight vectors 
basis in [7]. Results on irreducibility and unitarizability can be obtained from the formulas 
as corollaries. 

In the general case one need much more efforts to obtain similar formulas. Important 
results in this direction were obtained by Roger Howe in pp. He received certain results 
on irreducibility and unitarizability of modules of the simplest degenerate principal series 
for [/(m, n) and some other classical groups. 

The Lee Soo Teck paper |8j directly continues this Howe work. In |8j the degenerate 
principal series for U{n, n) related to the Shilov boundary of the n x n-quantum ball is 
investigated and answers to the same questions are obtained. 

This work generalizes results from |^ to the quantum case with < g < 1. Passing to 
the limit as g ^— *> 1 one can get up to notation the results of the above-mentioned paper. 

This paper is organized as follows. In Section |H] we define the representations iTa^p 
of the degenerate principal series (see ©)• In Section ITTTl we investigate the equivalence 
of Tia^fs (see Proposition El) . In Section |TV| we discuss some auxiliary results tTq,^^. These 
results will be used in the sequel. In Section |V| we give necessary and sufficient for tTq^^ 
to be irreducible (see Proposition [TT|). For the case Tr^,/? is reducible, we describe all its 
irreducible subrepresentations. In Section IVII we find explicit formulas for intertwining 
operators between tTq^^ and tTq^^ (see (fTTl) ). In Section JVTTl we investigate unitarizability 
of irreducible representations of the degenerate principal series. Most of the technical 
details of the proofs are contained in Appendix. 

II Definition of the degenerate principal series of rep- 
resentations 

Recall some concepts on geometric realizations for certain series of representations of real 
semisimple Lie groups and Lie algebras. 

Consider the affine algebraic group G = SL2n{'C) and its maximal parabolic subgroup 

P=|('q ^"j \A,B,DeMatnAC), (det A)(det D) = 1 

Then the projective variety G/P is isomorphic to the space Grn{'C?'"') of n-dimensional 
subspaces in C^". The subgroup K = S{GLn{C) x ^^^(C)) acts naturally on G/P. 



Denote by Q the open K-oThit. It can be easily proved that 

Q = {Le Gr„(C2")| dimL n (C")i = dimL n (C")2 = 0}, 

where (C")i and (C"')2 are the subspaces generated by the elements {^i, . . . ,e„}, 
{Sn+i, ■ ■ ■ ,£2n} of the Standard basis for C^", respectively. It can be verified that fi 
is an afiine variety. 



Set 



and C[Mat„,2n] = C[tii, 





rk t = n, 



sG5„ 



where l{s) is the length of permutation s, J = {ji, . . . ,jn}, 1 < ji < • • • < jn < 2n, and 
tij are the matrix entries oft. The elements tj" are called Plucker projective "coordinates" 
on Gr„(C^"'). Denote by C[Pl„_2n] C C[Matn_2n] the subalgebra generated by all tj". 
Consider the algebra C[Q] of regular functions on Q. Let us introduce some notation. 

Set t '=' t--^,_,^y and 

zl = r^t^^^, a,b = l,...,n, where Jab = {n + I, . . . ,2n}\{2n + 1 ~ b} U {a}; 

det z = det 



i,.. 


. ,n, 


4 




zl 





z\ 



zl 



Then the algebra C[r2] is canonically isomorphic to the localization of the algebra 
C[Mat„] = C[z\, . . . , z'^] with respect to the multiplicative set (detz)^+. The vector 
space C[r2] = C[Mat„]dctz can be naturally equipped with an 5[2n-module structure and 
a i^-module structure, and these structures are compatible (see |9 ). 

Therefore the action of the universal enveloping algebra Us[2n in the vector space 
C[Mat„]dctz is well defined. Moreover, the [/sl2n-action in the localization of the algebra 
C[Pln,2n] with respect to the multiplicative set t^+ is well defined. Hence the ^s[2n-action 
in the space^^ C[Mat„]dctz ■ (det z)"t^ is well defined for each a, /5 G Z. 

Now let us pass to the quantum case. Everywhere in the sequel g G (0, 1), C is the 
ground field and all algebras are unital. 

Denote by UgSl2n the algebra defined by its generators {Ei, Fi, Ki, i^"^}^"^^ and the 
relations 

KiK, = K^K„ K,Kr^ = Kr^K, = 1; 

K,E, = q^EiKi, KiF, = q-^FiKu 

E,F, - FjE, = 6^,{K,-Kr^)/{q-q''y, 

KiEj = q-^EjKi, KiFj = qFjK,, \i - j\ = I- 

^They are spaces of sections of homogeneous vector bundles over J7. We pass from a, /3 G Z to a, /3 G K 
standardly. 



ElEj - {q + q-')E,E,E, + E,Ef = 0, \i - j\ = 1; 

F^F, - {q + q-')F,F,F, + F,Ff = 0, \i - j\ = 1; 

K,E, - E,K, = KiFj - FjKi, = E^E, - E,E, = F,Fj - F,F, = 0, ^ - j| > 1. 

We equip UqSl2n with the standard Hopf algebra structure. The comultiphcation, the 
counit and the antipode are defined by their actions on the generators: 



AEy. 


= Ej®l + Kj®Ej, 


e{Ej) = 0, 


S{E,) - 


= -Ki'E„ 


AFj: 


= Fj(E)Kr^ + l(^Fj, 


e{Fj) = 0, 


SiF,) : 


= ~F,K„ 


AKj ■■ 


= K, ® K,, 


e{K,) = 1, 


SiK,) - 


=KJ' 



for all j = 1 , . . . , 2r2 — 1 . 

The algebra C[Mat„ 2n]g of polynomials on the quantum n x 2n-matrix space is defined 
by its generators {tij}i=i^,„^n;j=i,...,2n and the relations (cf. [TU] ) 

tijtki = tkitij, i <kkj > I, (1) 

Ujtki - tkiUj = {q- q'^)tiktji, i <k L j <l. 

Define q-minors as follows: 

seSfc 

for any I = {ii, . . .,ik}, 1 < ii < . . . < ik < n, J = {ji, . . .,jk}, I < ji < ■ ■ ■ < jk < 2n; 
here /(s) denotes the length of permutation s. 

Consider the algebra C[Plri,,2n]q C C[Mat„,2n]g generated by all q-minors t|" .j, 
card J = n. It is equipped with the standard UgSl'^ ®Ug5l2n-'n^odn\e algebra structure.^ It 
is easy to show that the t/qSl°^-structure can be reconstructed from the below equalities: 

{q tjj, i I, 
qtij, I = i-1, 
0, otherwise; 

El U, = g-V2 . ^(^+y^' ^ = ^' Fi U, = q'/' ■ h"'^^' ^ = ^ - 1, 

lO, otherwise; lO, otherwise. 

The element t = t^^^ nUn+i n+2 2n| quasi-commutes with tij for alH = 1, ...,n, 
j = 1, . . . , 2n and is t/^s ["^-invariant. 

Denote by C[Pln,2n]q,t the localization of the algebra C[Pl„,2r!,]g with respect to the 
multiplicative system t^+ . Introduce q-analogues of coordinates on ^2 as follows: 



z. 



b "M j--lj-An 



t ^{l\...,n}J,i,' (3) 



where Jab = {n + l,n + 2, . . . ,2n} \ {2n + 1 - b} U {a}. 

^Uq5\'^ is a Hopf algebra with the same multiphcation and the opposite comultiphcation. 



HH: 



The defining relations for tlie subalgebra generated by tlie elements z'^ are obtained in 



z''^ z^^ 

Z^ Z^ 



^ai^02 



nz^'^ z^^ 



J>\ b2 62 ^bi 

^ai^02 ^a2'*ai 



{q-q 



/^ai^a2' 



&1 < &2, 

ai < 02, 
61 < 62 &01 > 02, 
61 < 62 &ai < Ct2- 



(For the special case n = 2 see the Noumi paper 

It can be checked easily that zt = qtz for any z G {^aja, b = 1, . . . ,n}. 

It can be proved that for any ^ G UgSl2n, f € C[Pl„_2n]g,t there is a unique Laurent 
polynomial pf^^ of the variable u = q'' with coefficients in C[Pl„^2n]g,t such that Pf,^{q'') = 
i ■ {f't^)t~''- This allows one to prove the existence of an extension of f/gS[2n-niodule 
algebra structure onto C[Pl„,2n]g,t (see [IB])- 

The subalgebra generated by z^ is the algebra C[Mat„,]q of "polynomials on the quan- 
tum n X ra-matrix space " (cf. (H))). The algebra C[Mat„]q is a f/qS[2n-iiiodule subalgebra 
of the [/gS[2n-niodule algebra C[Pl„,2n]g,t (see [H]). 



Proposition 1 (lljj) For all a,b = 1 



,n 



F z^ 



,1/2 



K^^z^ 



a = n k,h 
otherwise, 



n 






a = n &ch = n 

a = n h,h ^ n or a ^ n h,h 

otherwise, 



n 



EnZa = -q 



1/2 



K^n) 1 
~n yb 



a ^ n hh ^ n 
a = n hh = n 
otherwise 



and for all k ^ n we have 



Fkz:=q 



1/2. 



K^^l 



z'^^i, k < n h a 
z^^+^, k>nhb-- 
lO, otherwise. 



g 2;^, k < n k. a = k or k > n h h = 2n — k, 

q^^z^, k<nka = k + lork>nkb = 2n — k + 1, 



\z'^, otherwise, 



k, 
2n 



k, EkZ^ =q 



Za-ii k<n&:a = k + l, 
"^/^- lzl-\ k>nkh = 2n-k 
0, otherwise. 



D 



In the sequel we use the following notation for q-minors 



Afcjfei, 
J r 






E(-«) 



Ks), 



3(1) 



^ai 



. . .Z, 



s(k) 



a-k 



s€Sk 



(4) 



def An{l,...,n} 
- ^ {l,...,n} 



where ai < . . . < a^, bi < . . . < bk- It is known that the element det^ z 
belongs to the center of C[Mat„]g and C[Mat„]g has no zero divisors. 

Denote by C[Mat„]g,detgz the localization of the algebra C[Mat„]g with respect to the 
multiplicative system (detgz)^+. We consider C[Mat„]g^dctqz as a q-analogue of the space 



of regular functions on the open orbit Q. Let t = t|{^ ^i ^ ^i- Since detg z = t ^t, we see 
that the algebra C[Mat„]g,det5z is a ?7gSl2n-niodule subalgebra of the t/gS[2n-niodule algebra 
C[Pl„,2n]gf.t'- (As above, to verify that the extension is well defined we use the following 
fact: for all ^ G Uq5l2n, f ^ V the vector valued function ^ ■ {f{detqz)''){detqz)''' is a 
Laurent polynomial of the variable u = q^ .) 

Denote by V the vector space C[Mat„]q,det, z- Assume first that «,/9 G Z. Define a 
representation Ti^^p '■ UqSl2n -^ Endl^ as follows: 

TTaAOf = (e • ifm('))t-^itr'^ = (e ■ (/(det,z)°t/^+"))t— ^(det.z)-" (5) 

for every ^ G UqSl2n, f ^ V. For each A G Z we have 

Ejt^ = 0, Fjt^ = 0, Kjt^ = t^, j = l,...,2n-l, j ^n 

^nt" = q-'/ \ ^ . zlt\ FJ' = 0, Kft' = q^h\ 
1 — g ^ 

Ej{detqz)^ = 0, Fj(det,z)^ = 0, Kj{detqz)^ = (detgz)^, j = 1, . . . ,2n - 1, j ^ n 
K^\{detqz)') = q^'\detqz)\ i?„((det,z)^) = -qy'-^z^(detqz)\ 



F„((det,z)^) = gV2^^ An-i ^ ^ ^^^ (det,z)^-\ A ^ 0. 



From these equalities we see that for each ^ G UqSi2n, f ^ V the vector valued function 

P/,5(Q'"? Q'^) = '^a,i3{0if) is a Laurent polynomial of the variables g", q^. These Laurent 
polynomials are defined by their values on the set {{q°',q^)\ a, /3 G Z} and deliver the 
canonical "analytic continuation" for 710,13(0 if ) to («,/3) G C^. 

Let {a,P) G C^. Define a representation TTa,^{Oif) = Pf,i{l°'y1^)- Indeed, to prove 
that the representation 7ia,/3 is well defined for (g°, g^) G C^ it is sufficient to verify some 
identities for Laurent polynomials. These identities are correct for a, /9 G Z. 

Introduce a "deformation parameter" h by the equality q = e~'*/^. Clearly, if ai = 
a2 + i^ and Pi = P2 + i^, then 7iai,i3-^ = t^ 02,1^2 ■ Then it is enough to consider a, P E D, 
where 

D = {a,peC\0<lma< — , < Im/5 < — }. 

/i h 

Recall that a representation p : f/gSl2n ^ EndVT is called weight if the representation 
space W decomposes as follows: 

W = ^Wx, where A = (Ai, . . . , A2„_i) G Z^""!, 

Wx = {ve W\ p{Kf)v = q^^'v,j = 1, . . . , 2n - 1}. 

The subspace Wx is called weight subspace with weight A. In the sequel we will consider 
only weight representations. It is clear that tTq^/j is a weight representation if and only if 

Let W^ be a weight f/gS[2n- module. Define operators iJj for i = 1, . . . , 2n — 1 by the 
formula Hi\\Y = Aj. 



Ill Equivalence of the representations 

Recall that q = e'^'^"^. For any complex a, (3 such that < Im a < ^, < Im/? < ^, the 
statements a — /5 G Z and g"'^ G q^ are equivalent. 

Proposition 2 If a, (3 ^ Z, then the representations 71^,(3 o.nd ir^n-t^-n-a ore equivalent. 

The proof is reduced to explicit formulas for the intertwining operators. It is given in 
Section Ell 

li a,P G Z, then the representations tTq^/j and 7i-n-i3-n-a are not equivalent. This 
fact follows from the statement that only one of the representations Tr^,/? and 'n'-n-i3,~n-a 
for integral a, j3 has a finite dimensional subrepresentation. An explanation of this fact is 
given in the end of Section IVl 

The representations Ha^p and Ha-i^p+i are equivalent for all a, /?. The corresponding 
intertwining operator T : V^ ^ V^ is defined as follows: for every f & V = C[Mat„]g^dotqz 
T(/) = /(detqz)"^. Indeed, since for each f & V, ^ & UgSl2n 



7r„_ 



.-i,;3+i(0(/) = (e- (/(det,z)"-4^+"))t-"-^(det,z)i-" = 

(e ■ (/(det,z)-i(det,z)"t'5+'^))r"-^(det,z)-"(det,z) = 7r„,^(0(/(det,z)-i)det,z, 

we see that T intertwines the representations 7ra,f3 and TTa~i,f3+i- Therefore without loss 
of generality we can assume that a, P G V, where 

2tt 2-n 

V = {{a, 13) GC|a-/3G {0, 1}, < Ima < — ,0<Im/3< — }. (6) 

Let us introduce an equivalence relation on V. The equivalence class of (a, /?) consists of 
one point for a, /? G Z and from two points for a, /? ^ Z: 

, ^, , ^, _ J ai = -n -/52, /3i = -ra - ^2 for Imai = lma;2 = 0, 
(q;i,PiJ ~ [ci2,P2)-, in S 

\ai = ^ — n — l32,l3i = ^ — n — a2, otherwise. 



Proposition 3 The set of equivalence classes T)/ ~ is in the one-to-one correspondence 
(a,/5) ^^ Tia^/s with the set of equivalence classes of the representations of the degenerate 
principal series. 

Proof. By the above, each representation of the degenerate principal series is equivalent 
to the representation Tia^p for some (a,/3) G V. 

Prove that the representations nai^is^ and 7!'a2,i32y with (ai, /3i), (a2, P2) £ ^, are equiva- 
lent if and only if (cti, f3i) ~ (02, (^2)- For that we calculate the action of a central element 
C G UqSl2'^ (see jTHI for the definition). It can be proved that 7!'a,i3{C) is a scalar operator 
for all a,/3 G P. 

From linj it follows that there exists a unique central element C which acts on the 
^gS^n-highest vector v^'^b^ ^j^h weight A as follows: 



2n-l 

C{v'''3^) = XI ^ 

7 



-2{fij,X+p)^high 



where /xq = "f^i, /^j = ~'^j + Wj+i for j = 1, . . . , 2n — 2, /X2n-i = — '^^2n-i, "J^j are the 
fundamental weights, 2p is the sum of positive roots of the Lie algebra s[2n, and we choose 
the invariant scalar product such that (a, a) = 2 for any simple root a. 
First let a,/? be integers. It can be proved that 



h "^^ h 

vr.,/3(C)(det,z)^ = 4ch-(« + /3 + n)(^ch-j)(det,z/. 

i=o 

Hence 7r„,^(C) = 4 ch |(a + /5 + n)(^J-(; ch |j) ■ Id for all (a, /3) G P. 

Suppose that vTq,^ ^j^ and t^ 012,1^2 ^^^ equivalent. Equivalent representations have the 
same weight lattice. Therefore (ai — (3i) — (0^2 — 132) € 2Z. Since (ai,/5i), (025/^2) ^ ^5 
we see that (ai — j3i) — (a2 — /?2) = 0. 

Then the equivalent representations T^ax,^^ and vr^j./Ja have the same values of central 
characters, which means that 

h h "~^ /i 

(ch -(«! + /3i + n) - ch -(^2 + /32 + "-)) ^ ch -j = 

i=o 

Since < Imai < ^, < Im/3i < ^, < Imaa < X' ^ < Im/?2 < X' ^^ ^^^^ ^^^^ 
ai + Pi = 02 + ^2, or q;i+/5i = -a2-/32-2ra, or ai + Pi = -a2-(32-2n-^. \iai + (3i = 
0:2 + ^2, then ai = 0^2 and /5i = /52. For any fixed non- integral ai, /3i there is a unique pair 
(a2,/52) G P such that either ai+Pi = — 02 — ^2 — 2n or ai + /5i = — 0:2 — /32 — 2ra — ^, and 
(q;i,/9i) ~ {a2,P2)- Although for integral parameters vr^j^^^ and 1102,132 ^^^ ^ot equivalent, 
because the only one of them has a finite-dimensional subrepresentation. This can be 
deduced from Corollary HJ Thus each equivalence class in V is assigned to a unique 
equivalence class of the representations of the degenerate principal series tTq,^^. D 

IV Auxiliary statements on 77^/3- structure 

In this section we describe some necessary technical results, that will be useful in the 
sequel. 

Everywhere in this section we assume that n > 1. However, Propositions lU andlTnl 
and Corollaries C] and El are still sensible and correct for ra = 1 . 

Let Uqtss C UgSl2n bc the Hopf subalgebra generated by Ej, Fj, K^^, j = 1, . . . , 2ra — 1, 
j ^ n and Uqt C UqSl2n be the Hopf subalgebra generated by K^^ and Uqtss- 

Note that 7!'a,i3\uqiss does not depend on a, (5. The following preliminary result on 
reducibility of 1:0,13 is well known in the classical case. For brevity, set^ 

,Afc _ Ak{l,...,k} 
^ —^ {l,...,k}- 

Introduce the following notation: K = {k = {ki, . . . , kn) G Z"| fci > A;2 > • • • > ^n}, 
ej = (0,---, !,•••, 0)eZ". 

•^Note that, obviously, z^" = dctg z. 



Proposition 4 The representation space V for Tia,f3 splits into a sum of simple pairwise 
non-isomorphic Uqt-modules as follows:^ 



y = ®y^^ ^^th Vj^ = 7T^,p{U,t)-v^ and 4 



f^Al\ki-k2 ( An-l\k„-i-k„/An\k„ 



k£K 



Proof. Consider the filtration V = U^o ^^''^ wi^^ ^^''^ = C[Mat„]g ■ (detqz)~^ It is 
sufficient to prove that 



Equip the vector space V^^' with the natural grading V^'^' = ^ C^ )j ^^ follows: 

j=—nk 

{V^% = {v e V^'^^Kov = q'^v}, with Ko = K.KiKi . . . K^K^'l . . . K^.^K^n-i- 
Therefore we must prove that 

(C[Mat„], • (det.z)-^), = V^. (7) 

fci + ...+fc„=j 

For fc = statement (jTj) means that (C[Mat„]g)j = V^. 

fc,i>o, fci+...+fc,i=i 
First, the dimensions of homogeneous components C[Mat„]gj of the standardly graded 
algebra C[Mat„]g are equal to the dimensions in the classical case: 

dimC[Matn]9j = P ^^.~^ 

(it can be easily proved via the Bergman diamond lemma jl^j, sec. 4.1.5). Secondly, the 
dimensions of the t/^fi-modules V^ are equal to the classical ones (this follows from results 
of quantum groups theory ^2], chap. 5). Thirdly, there is the well-known Hua result on 
the coincidence of the dimensions C[Mat„]j and ^ i^ the classical case 

A:„>0, 

fci+A:2+...+A:„=j 

Hence, 

dim(C[Mat„]g)j = ^ dim%, 

fc„>o, 

A;i+...+fc„=j 

and, finally, 

(C[Mat„],), = %. 



A:„>0, 
fci+...+fc„=j 



For fc > one has 



(C[Mat„], ■ (det.z)-'^),- = C[Mat„]g,„fc+, ■ (detgz)-'^ 

= Vi,-(det,z)-^= V^. 



fci+...+fc„=nfc+j fci+...+fc„=j 



"^These isotypic components are C/gtis-isomorphic. However, they are not [/qt-isomorphic, since the 
action of T^ajiiKn) depends on a, /3. 

9 



(Since there is no zero divisors in C[Mat„]g,det z, the proof of statement (|7j) follows from 
the last equality.) D 

Remark. It can be easily verified that v^ is a f/^IB-highest vector and with weight 
{ki — k2, . . . , kn-i — kn, ^kn + « — /?, kn-i — /Cn, • • • , ^1 " ^2) • Then the highest weight of 
simple Uqt-modvile l^is equal to {ki — k2, . . . , kn-i — kn, 2kn + a — P, A;„_i — /c„, . . . ,ki — k2). 

In the classical case sl2n = P~ ®tQ)p^, where 




A 



A e Mat„,„(C) }, p+ = <; ( ° ^ 



A e Mat„,„(C) 



Therefore Usl2n — Up^ ® f/t® Up^ as f/IB-modules {Up^ and Up^ are t/i^-modules under 
the adjoint action). 

In the quantum case we have an analogue of this decomposition obtained by Jakobsen 
in [in]. A quantum analogue ad^, a G UgSl2n of the adjoint action is introduced via the 
Hopf algebra structure of UgSl2n- There are n^-dimensional vector subspaces p^ = Ugt-En, 
p~ = Ugt- {KnFn) , which are [/gMnvariant under the adjoint action.^ Instead of f/p~, Up~^, 
there are the subalgebras Uqp~,Ugp^ C UgSl2n generated by p~,p+, respectively. The 
algebras Ugp~ and Ugp^ are f/g6-modules under the adjoint action. Therefore in the 
quantum case we get UqSl2n — Uqp~ ^Ugt^Ugp^ as f/gi^-modules (see [H]). It's worthwhile 
to note that Uqp~ and Uqp~^ are not Hopf subalgebras unlike the classical case. 

In the last part of this section we describe how each [/gIB-isotypic component V^ trans- 
forms under the action of p~ and pj". This allows one to understand how V transforms 
under the [/gS[2n-action. Since Ugt = UqS{Qi^ x 0[„) ^ C[i^^^] (g) [UgSln ® UqSin) = 
C[K^^] ® Ugtss, where 

Ko = K.KlKl . . . K:k:-1 . . . Kl_,K2n-u (8) 

and 7ra/}(A'o) acts by scalar multiplications in every isotypic component, we see that V^ 
is a simple UgSln ® f/gS[„-module. Hence the UqSln ® f/gS[„-module V^ decomposes into a 
tensor product of f/gS[„-modules: V^^ V^^V^ with V^ = L{ki — /c2, • • • , kn-i — kn), 

V-^ = L*{ki — k2, ■ ■ ■ , kn-i — kn), where we denote by L{ki — A;2, . . . , fc^-i — kn) and 
L*{ki — k2, . . . , kn-i — kn) the simple finite dimensional f/gS[„-modules with highest weights 
{ki - k2,. . ., kn-i - kn) and {kn-i - kn, ■ ■ ■ ,ki - k2), respectively. 

We can equip the vector spaces V^ and V^ with the structure of UgSln ® UgSln- 
modules as follows: 

(^ ^r])iv)=^- (£(77)t;), (^ ® r])iv*) = r, ■ {e{i)v*), 

for all ^, ?7 G UgSin, f G K^ , f * G K^ , where e denotes the counit of UgSln- Note that as 
UgSln ® f/gS[„-modules 

p+~C"®(C")*, p-~(C")*®C", 

where C" is the vector representation of UgSln- Consider the natural maps 

m±:p^(^V^-^ V, m^ : p- ^V^^^V. 

^The operator ado is defined on 6 G Uq5l2n in the following way: ada{b) — J^^i'^ )b^ j where Aa = 
"^a (E) a is the comultiplication , S is the antipode in UqShn- 

10 



Since there exist the UqSln ® f/qS[„-homomorphisms 
we have the well-defined morphisms 

For instance, if we consider a f/gSl„-highest vector f i G C" ® K|- and a f/q5[„-highest 

vector V2 G (C")* ^V^', then A1+j^(fi (g) f2) is a f/gS[„ ® t/gSln-highest vector (or, equiv- 
alently, a f/^l^-highest vector) in V". 

In the sequel we are going to get explicit formulas for f/gS[„-highest vectors Q G C* ® 
L{ki — ^2, • • • , fcn-i — kn), j = I, . . . ,n with weights (fci, . . . , fcj + 1, . . . , fc„), respectively. 

In the classical case auxiliary elements Fmj of the universal enveloping algebra Usln 
are used in such formulas. 

Lemma 1 (l^, lemma 3.4) Let 1 <k <n — 1 and 1 < m < j < n. 

1. Ifl<k<morj<k<n, then EkFmj = FmjEk. 

2. Ifk = m, then EinF^j = Fin+ij(H„, + . . . + Hj_i + j - m - 1) (mod f/s[„ ■ ^„). 

3. Ifm<k< J, then EkF„,j = (mod Usln ■ Ek). D 

Explicit formulas for the elements F^j are used for the proof of lemma. 

i 
Fmj = F^+i,jF„, + J2 (-l)*+"^'Fi,- adF,_i . . . adF„, H(j; m + 1, t - 1), 

t=m+2 
s 

where H(j; p, s) = [1 (Ha + ... + Hj_i + j - a). 

a=p 

We find quantum analogues of the previous lemma and the elements in UgSin- 
For 1 < m < j < n define F^j G UgSln inductively as follows: 

F- = 1 F 1 = F iK 1 

j 
Fmj = Frn+^^jF^K^+ J2 (-l)'+"+%adp,_,...adp„^,(F„irjir(j,m + l,s-l), 

s=m+2 
r 

where K{j,p, r) = U q^'^Ka . . . K.j_i[Ha + . . . + H^.i +j- a]q. 

a=p 

Here and everywhere below we use the standard notation [x]„ = '' ~''_i . 
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Lemma 2 The following relations are satisfied: 

1. KiFmj = FmjKi fori <i <m-l or j < i < n. (9) 

4. EiFraj = FmjEi for I < i < 171 - I or j < i < Ti. (12) 

6. EiFmj = ( mod f/gSl„ ■ Ei) form <i < j. (14) 

7. EmFmj=Fm+i,j q^-'^K^. ■ .Kj_i[Hm + ... + Hj^i + j - m - l]g { mod f/gS[„-E„). (15) 

This lemma is proved in Appendix. D 

Let (ei, . . . , En) be the standard basis for C". Suppose u G L{ki ~ k2, . . . , kn-i — k^) 
is a f/qSl^-highest vector with weight (fci — k2, . . . , fc^-i — ^n)- 

Proposition 5 Define vectors {Cj}'?^! as follows: 

j 
= I](V)'"''£m ® E^,K_{j, l,m- l)u G C" ® L(A;i - A^a, . . . , kn-i - kn), 

m=l 

r 

where K^{j, p,r) = Yl q^'^^'^Ka ■ ■ ■ Kj^i[Ha + . . . + if,_i + j - a - 1]^. Then Q is a 

a=p 

Ug5ln-highest vector^ with weight {ki — k2, ■ . ■ , fcj_i — kj — l,kj + 1 — fc^+i, . . . , fc^-i — ^n) 
forj = l,...,ra. 

Proof. Using Lemma |2l it is easy to prove that (j are weight vectors. We claim that 
Ei (j = for all 1 < i < n, 1 < j < n. Indeed, by Lemma El 

j 
E,Q = E, (^(-g2)--i^^ ^ F^,K_{j, 1, m - l)u) 

m=l 
j 

= Y,{-q^T-^E, (5^ ® F^, K_{j, 1, m - l)u) = {-qje, ® F,+i,, K_{j, 1, t)u 

+ i-q^y-'E, {e, ® F,,, K_{j, 1,1- l)u) = {-q^y-\-q^e, ® F,+i,, ir_(j, 1, i)u 
+ qsi ® Fi+i J q^-'Ki . . . Kj_,[Hi + . . . + H,_^ + j - t ~ l]gK^{j,l,t - l)u) = 0. D 

Similarly, we are going to get explicit formulas for f/qS[„-highest vectors C,j G (C")* ® 
L*{ki — k2, . . . , kn-i — kn). For 1 < r < t < n introduce the elements 5*.^ G UgSln as 
follows:^ 

Stt = 1; St-l^t = FtKf, 

Srt = Sr,t-iFtKt + ^ S^,^-! ad^, . . . adpt^^iFtKt) L{t, s, t - 1), 

s=r+l 
r 

where L(j, p, r) = [1 q^'^K^+i . . . Ka[Hj+i + . . . + H^ + a - j]g. 

a=p 

^I.e. E,Cj = for alH = 1, . . . , n - 1. 

^Classic analogues of these elements were investigated by Lee in |H] . 
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Lemma 3 The following relations are satisfied: 
1. KiSrt = SrtKi for 1 < i < r or t + 1 < i < n. 

3. Kr+lSrt = Q Kr+lSrt, KtSrt = Q KtSrt- 

4- EiSrt = SrtEi for 1 < i < r ort + l<i<n. 

5. Ej.Srt = (l^rtEr, Ef^iSr^t = (l^r,tEt+l- 

6. EiSrt = (mod UqSln ■ Ei) for r < i < t. 

7. EtSrt = ~Sr,t-iq'~'Kr+i . . . Kt[H,.+i + ... + Ht + t-r-l\, (mod t/,s[„ ■ Et). 

The proof of this lemma is completely analogous to the proof of Lemma |21 

Let (ej, . . . , e* ) be the basis for (C")* dual to the basis (ei, . . . , Sn) for C". Suppose that 
u* G L*{ki — k2, . . . , kn-i — kn) is a ?7gS[„-highest vector with weight (/c„_i — fc„, . . . , ki — k2). 
The proof of the next statement is similar to the proof of Proposition 

Proposition 6 Define vectors {^j}"=i as follows: 

n 

^j = 1] C ® 5'jm L_(j, m+l,n)u* G (C")* ® L*{ki - k2, . . . , kn-i - A;„) 

m=j 

r 

where L_{j,p,r) = H q^'^^'^Kj+i . . . Ka[Hj+i + . . . + Ha + a-j -l]g. Then C.j is aUqSin- 

a=p 

highest vector with weight (fcn_i — kn,---, kn-j+i + 1 — kn-j+2, kn^j — kn-j+i — 1, . . . , /ci — /C2) 
forj = l,...,n. D 

It follows from PropositionsEland|nithat M+^ : C" ®V^^'^ {C")* 0V^^^ -^ 0"^^ l^k+e- 
For all j, A; = 1, . . . ,n the vectors -M^i^iCj ® ^k) are UgSln ® f/gS[„-highest vectors in ^ . By 
the action of 'n'a,f3{Ko) (see (jH))), the vector M~^^{Cj ® ^fc) is ^ f/gfi-highest vector in V^_^_^, 
if and only ii k = n — j + 1. Since every isotypic components occurs with multiplicity one, 

M\iCj®^n-j+l) = Cj -^E+ei = ^i ■ (2^^)'=l-*^2+^ . . . (2An-l)fe„_i-fe„(^^An)fc„ f^^ ^^^^ ^, ^ (j-_ 

(Here and below we suppose that if m = (mi, . . . , m„) ^ K, then Vm = and v^ = 0.) 
The proof of the next statement, reduced to computation of Cj, is given in Appendix. 

Proposition 7 For every j = 1, . . . , n, k G if 

M\iQ ® a-.+i) = Cji/3, kj)v^^^,, 

where Cj{P, kj) = g^'^^"/^[/5 — kj + j — l\qUJj(k, q) and ujjCk, q) ^ for all k G if. 

We deduce sufficient conditions for reducibility of vr^,/? from Proposition [7| 

Let a, (3 be fixed. For any j = 1, . . . , ra and k G if if Cj(/?, kj) 7^ 0, then there exist 

f G \^, i&p~^ such that 7rQ,^/3(^) ■ v G V^^ej- That means 'na,i3{Uq5i2n) ■ V^ D V^+e- 

Let us consider in details other cases, i.e., let Cj{P, kj) = for some kj. For fixed /?, 

by Proposition [7| and (jHI), the equation Cj{P, kj) = is equivalent to P — kj + j — 1 = 0. 
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Corollary 1 For all j = 1, . . . ,n, k E K, the subspace V^f^ = V^^ is a UgSl2n- 

{WeK\k>k'.} 
submodule in V iff (3 — k + j — 1 = 0. 

Proof. Let j = 1, the other cases are similar. The necessity easily follows from the 

n 

above. Prove the sufficiency, li P — ki = 0, then A1^k(p^ ® V^) C ^+e.- Intro- 

j=2 ' 

duce the natural filtration on Ugp^ (here f/gp"*" is the algebra generated by p^) in the 
following way: f/,p+ = [j {U^p+Y^l Then na,p{{UgP+Y'^){V^) C V^ © (0 l^+eJ- In the 

n>0 j=2 

n n 

same way 7r„,^((f/,p+)(2))(l^k) C vr„,^((f/,p+)«)(Fj, © (0 F^ )) C V^® {@V^ ) © 

i=2 3=2 

oo n 

( e ^k+ej,+e,J- Then 7r,,^(f/,P + )(Vij) C ( ^k+e,,+...+e,^), ^ud 

n>ji>J2>2 m=0 n>ji>...>jm>2 

Vra,/3(f/gSl2n)(%) C na,fsiUqp-)TTa^(siUqt){TTa^g{Uqp^)V^) 

oo 

C vr„,,(f/,p-)7r„,,(t/,e)(0( li+e,,+...+e,^)) 

m=0 n>ji>...>jm>2 

C Vr.,,(f/,p-)(0( ^k+e,,+...+e,^)) C Ki,- 

m,>0 n>ji>...>j,n>2 

Obviously the subspace V^i. is a f/g5l2n-submodule in \^. D 

By the same arguments as in Propositions El and [71 one has 

Proposition 8 Define vectors {^'}"=i as follows: 

n 

^j = 5Z ^- ® 'S',-„L„(j, m + 1, n)M G (C")* © L{ki - k^, . . . , k^-i - k^) 

m=j 

r 

where L_{j,p,r) = H q^'^'^Kj+i . . . Ka[Hj+i + ... + Ha + a ~ j - l]g. Then ^j is a 

a=p 

UgSln-highest vector with weight {ki — k2, . . . , kj_i — kj + 1, fcj — 1 — %+!, . . . , fcn-i — ^n) 
forj = l,...,n. D 

Proposition 9 Define vectors {C'}j=i as follows 
j 

m=l 

r 

where K.{j,p,r) = U q^-^-^Ka . . . Kj^i[Ha + . . . + Hj^i+j -a-l]g. Then Q is a UgSln- 

a=p 

highest vector with weight {kn-i — kn,..., kn-j+i — kn-j — 1, kn-j + 1 — kn-j-i, . . . , fci — /C2) 
/orj = 1, ...,n. D 

The proof of the next statement, reduced as for Proposition [71 to computation of dj, 
is given in Appendix. 
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Proposition 10 For every j = 1, . . . ,n, h & K 

where dj(a, kj) = g""'""/^[a + kj + n — j]g'cuj(k, q) and c!7j(k, g) 7^ for all k G -ft'. D 

By (jn)) and Proposition lTUl we see that the equations dj{a, kj) = and a+kj+n—j = 
are equivalent. 

Corollary 2 For all j = 1, . . . ,n, k E K the subspace V>^ = V^ is a UqS\.2n- 

{FeK|fc'>fe} 
suhmodule inViffa + kj + n — j = 0. D 



V Reducibility of Tr^,/? 



Proposition 11 The representation 7Ca,i3 is irreducible if and only if a,j3 satisfy the fol 
lowing equivalent conditions:^ 

Proof. Suppose a ^ Z, /5 ^ Z. Consider the system of equations 

' p-ki = 0, 
/? - ^2 + 1 = 0, 



< 



p-kn + n-l = 0, 
a + ki + n — 1 = 0, 



a + kn = 0. 

This system has no integral solution. Therefore Cj{(3, kj) and dj{a, kj) do not vanish. Let 
W he a. f/gS[2n-submodule of V. Then W = V]^ for some I d K. Then, for all k G / 

and j = 1, . . . , n, it follows that k + ej, k — ej G / (if the respective indexes belong to K). 
Therefore if J 7^ 0, then I = K, and the module V have no proper submodules, i.e. it is 
simple. Conversely, by Corollaries [T] and El if Tia,i3 is irreducible, then a ^ Z, /? Z. D 

Corollary 3 Let a, /3 G Z, and let W be the representation space of a subrepresentation 
of T^a,i3- Then W is a finite intersection of some of the UgSl2n-'>TT'0dules V^f^, V^^ defined 
in CorollariesUSB 

The proof follows directly from the previous proof. D 

Now suppose that a, /3 G Z. We will investigate reducibility and proper subrepresen- 
tations of Tia^p- We use figures as in [HEl for description. 

^Since a — /? G Z, these conditions are equivalent. 
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Each Uqt-isotjpic component Vj- is assigned to the point (/ci, . . . , A;„) G M". Thus K is 
assigned to the set K"*" = {(A;i, . . . , kn) \ ki > . . . > kn} C M". Consider 2n hyperplanes: 

C^ : kj = P + j - 1; Cj : kj = -a - n + j. 

These hyperplanes are parallel to the coordinate axis and pass through points with 
integral coordinates. The distance between C'j' and Cj is equal to a + P + n — 1. 
By Corollaries HI and El 

ke/:+ iff U,5l2n-V^^V^^^.; keCj iff U,5l2n-V^^V^_^.. 

Investigate the example n = 2. In this case £ • , j = 1, 2 are just lines on the plane 
M^, parallel to the coordinate axis. Let us consider different values oi a + (3. 

Case 1. a + P > 0. In this case the line Cf lies to the right of C^, £^ lies higher 
than £^. The lines Ci , £3 ^^^ shown on Fig.l. The intersection point of Cf and £^ has 
the coordinates (/3, —a) and belongs to K+. Arrows attached to Cf show the direction 
of isotypic components "movement" under 710,(3- There exists a unique simple submodule 

{keK\ki<l3,k2>-a} 

Case 2. a + P = —1. In this case the lines Cf and £]", £^ and £^ coincide. The 
intersection point of the lines Ci and £^ does not belong to K"*^ (Fig. 2). There are two 
simple submodules in V: V^ = V^ and Vf = V^. 

{keK\ki=-l-a} {keK\k2=-a} 

Case 3. a + P = —2. In this case the line Cf lies to the left of C^ , £^ lies lower than 
£2- However, the lines £f and £^ intersect in the point with coordinates {—a — 1, /? + 1) 
(see Fig. 3). Besides, the distance between C^ and ^Cjis equal to 1. This shows that V is 
a direct sum of three submodules: 

Vi= ^k' ^2^= %' vi= % 

{kei?|fci</3} {kgi^|fc2>-«} {keis'|fei>-a-l,fc2</3+l} 

Case 4. a + /3 < —3. In this case the intersection point of Cf and C^ belongs to 
K+ (see Fig. 4). Also, there are simple submodules Vf, V2, V^ in V, but V does not 
decompose into their direct sum. 

Turn now to the general case. Consider all possible values oia + P + n — 1. 
Case 1. a + P + n — 1>1. In this case the hyperplanes Cf, j = 1, . . . , n bound in 
K"*" the subset that corresponds to a unique simple finite dimensional submodule 

^^= %■ 

{]<.£K\~a~n+j<kj<l3+j-l for all j=l,...,n} 

Case 2. a + P + n — 1 = 0. In this case the hyperplanes C^ and C~ coincide. There 
are n simple submodules in V: 

Vf= %' J = !,•••, n. (16) 

{keX|fcj=/3+i-i} 

Case 3. a + P = —n. Here the distance between C^ and Cj is equal to 1. This allows 
one to decompose the set K into a direct sum of n + 1 subsets Ki,i = 1, . . . ,n + l, those 
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correspond to the simple submodules: V^ = V^ dV . The subsets Ki are defined 

as follows: 

^i = {k G k\ki-.i >-a-n + i-l,(3 + i-l>ki} 

(for i = 1 and i = n + 1 we put respectively Ki = {h E K\ki < (3} and Kn+i = {k G 
k\kn > -a}). 

Remark. Since kj < (3 + j — 1 and kj > ki for all j < I < n, we see that fc; < /3 + / — 1. 
By the same reason, since kj < —a — n + j and kj > ki for all j > / > 1, we see that 
ki < —a — n + I. 

Case 4. a + f3 + n — l< —2. Also, there are simple submodules corresponded to the 
subsets Ki. However, V is not equal to their direct sum. 
Thus we have proved the following 

Corollary 4 Fora,j3 G Z the only one from the representations T^^^p cind TC-n-^,-n~a has 
an irreducible finite dimensional subrepresentation. D 

VI Intertwining operators 

In this section we construct the intertwining operators between the representations Wa^p 
and 7i-n-i3-n~a for non-integral a,p. This allows one to prove Proposition |21 

Let A : V -^ V he an intertwining operator, i.e., for all ^ G Ug5l2n, v E V, we 
have AiTa^/siOi'^) = '^-n-^-n-aiOi^'^) ■ The operators Tia,i3{Ugtss) are independent of a,/3 
and TCa,f3{Kn) = n^n-i3-n-a{Kn)- Also, V^ and Vm are non-isomorphic ^g 6- modules for 
k 7^ m. Then A{a,P)\v- = a^{a,P), a-^{a,P) G C Let us find necessary conditions 
for A to be an intertwining operator in terms of a^{a,l3). By Propositions El El El 
and El it follows that for all k G -ft' there exist ^j,rij G Uq5l2n, j = 1, . . . ,n, such that 
7ra,/3(?7j)(v^) = Cj{l3,kj)v^ and T!'a,i3{^j){v^) = dj{a,kj)v^_ . (Recall that v^ is the 
f/g6-highest vector in V^.) Therefore the necessary conditions look as follows: for all 
j = l,...,n,kG ^, 

AT^a,(ii'nj)iv^) = 7r-n-/3-n-a(77j)(Af^) and A'Ka,pi'dj){v^) = 'K_n-(3-n~ai'&j)iAv^). 

Equivalently, in terms of a^, 

«k+ej(a. P)CjiP, ^i)^S+ej = %("' f^)^A-^ - "' %)^S+ej' 

«iZ-ej ("' P)djia, kj)v^_^^ = a^{a, (3)dj{-n - p, kj)v^_^^ . 

Thus the coefficients a^ of the intertwining operator A must satisfy the following condi- 
tions: for all j = 1, . . . , n, k G -ft'. 



au, 



, (a, /3) _ Cj{-n - a, kj) «k-ej (", P) _ dj{-n - p, kj 



a^{a,f3) Cj{(3,kj) ' a^{a,l3) dj{a,kj) 

We get from Propositions 171 and 1101 that for all j = 1, . . . , n, k G -ft'. 



%(«, /?) [/? - ^i + j - l]g ' %(", /5) [a + kj + n- j]^ ' 

17 



As we see, the coefficients a-^{a, [3) are defined up to a scalar multiplier. By additional 
assumption a-Q^a, (3) = 1, we get the exphcit formulas for the coefficients a^{a,P) = 
A{a, P)\V^ oi the intertwining operator A 






(17) 



where 



P,{a,P) 



i=0 



2{-/3+i-j+l) ; 



1 1 i_„2(oi+n+i-j) ; 

=l-ki 



for kj > 0, 
for kj = 0, 



for kj <0. 



For fixed a — /5 G Z, the operator A is a meromorphic operator-function with simple 
poles in integral points. 

VII Unitarizable representations of the degenerate 
principal series 



In this section we find necessary and sufficient conditions for modules of degenerate prin- 
cipal series and their simple submodules to be unitarizable. 
Equip UgSl2n with the involution * as follows: 



E: = -K^Fr,, 



K 



-EnK-\ 



K* =K„ 



E* 



K,F,, 



E,KJ\ 



K* 

3 



K 



J' 



,2n- 1,jV n. 



dof 



{UqS\.2m *) is a q-analogue of f/5u„,„, and its subalgebra 



The *-Hopf algebra f/qSU„^„ 

UqS{Un X u„) = {Uqt, *) Is a Q-aualogue of f/s(u„ x u„). 

Let us introduce two auxiliary *-algebras Pol(S'(U))g and Pol(S'(lLJ))g (a quantum 
analogue of the Shilov boundary 5'(U) of the matrix ball is introduced in [201 )• Equip the 
algebra CfMat^jg^det^z with the involution * defined by the formula 



^6\ * 



-qf+''~^''{deiq7)-^detq7!'^, 



where detg z^ is the q-determinant of the matrix derived from z by deleting the line h 
and the column a. Put Pol(S'(U))q = (C[Mat„]q^det, z, *) and equip it with the natural 
structure of a *-module algebra over UqSUn^n- The involutions in Pol(S'(I[J))q and UqSXin^n 
are compatible, i.e., for all / G Pol(S'(I[J))g, ^ G UqSWn^n we have 



where 5" is the antipode in the Hopf algebra UqSl2n- 

The *-algebra Pol(5'(U))g is generated hj z^, a,b - 
relations between z^ and (detg z)~^ are inherited from the *-algebra Pol(5'(U))g, the other 
relations are provided by the following: 



1, . . . , n, {detq z) ^, t and t ^. The 



t-H 



tt 



-1 



tt* = t*t. 



tzl 



q-'zlt, t*zt = qz'j*, 



a, b 



,n. 



Consider an embedding of algebras Pol(S'(I[J))q ■— >• C[Pl„^2n](j,i which maps t to t and z\ to 
^"^^l" n|j (^^^ ©)• Using this embedding, we can extend the t/gSu^^n-module structure 

from Pol(5(U))g onto Pol(S(U))<j, 

In [2flJ, the invariant integral over the Shilov boundary of the quantum matrix ball 
/ H-^ J fd[i is defined and the following statement is actually proved. 

5(U), 

Proposition 12 The linear subspace (t"")* ■ Pol(^(U))g ■ t~" C Pol(5(U))q zs a UqSUn,n- 
module. The linear functional 



is a UqSUn^n-invariant integral. 

The precise meaning of two next propositions will be given if we continue Pol(S'(I[J))q 
via adding to the list of generators t^, (t*)^, (detg z)'^ for all A G C The relations between 
the "new" generators and the action oi Ej, Fj, K, ^, j = 1, . . . ,2n — l can be derived from 
the corresponding formulas for t"*, (detgz)"* and (t*)"*, where m G Z. From the previous 
proposition it follows 

Proposition 13 (cf. IJ,'^ . lemma 3.2) Let ReX = —n. Then the linear subspace 

((det,z)^/V)* • Pol(5(U))g ■ (det,z)^/V G Pol(5(U))g 
is a UqSUn^n-i^odule. The linear functional 

((det,z)^/V)* ■ / • (det,z)^/V K. j fdii 

5(U), 

is a UqSUn^n-invariant integral. 

For each a, /5 G Z define an embedding i^,/? : V = CfMat^j^^det^z ^^ Pol(5'(I[J))g by the 
formula ia,i3{f) = / ■ (det^z)" ■ t""*"^ for all / G C[Mat„]g^det9z- Using these embeddings 
and the commutative relations between t, t~^ and det^z, we get 

Corollary 5 Let Re{a + /?) = —n. Then the sesquilinear form V x V ^ C defined by 



</l,/2>= / f2fidfi 

satisfies the condition {j^a^p^Cju^v) = {u,TTa,/^{C,*)v) for allu,v E V, ^ & UqSl2n- 

Recall the definition of unitarizable module. Let A be a *-Hopf algebra, W an A- 
module. Then an A-module W is unitarizable if there exists an Hermitian form^ (t)) 
which is y4-invariant, i.e., 

{au, v) = (m, a*v) for any u,v E W, a E A. 



^I.e., sesquilinear Hermitian-symmetric positive definite form. 
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Therefore the representation tTq^/j is unitary if Re{a + /?) = —n. Such representations 
form the principal unitary series. 

Now we are going to find all unitarizable simple modules of degenerate principal series 
and their unitarizable submodules. 

Weight subspaces are pairwise orthogonal with respect to every f/gSU„^„-invariant scalar 
product. Therefore the isotypic components V^ are pairwise orthogonal too. From Propo- 
sition |3] and the Burnside theorem (see |25, §27), it follows that in every component V^ 
there exists a unique up to a constant t/gS(u„ x u„)-invariant scalar product. Fix such 
scalar products via the integral over the Shilov boundary of the quantum matrix ball 



< u,v >^= / v*udfi M,f G\^. 

S(U), 

Hence each invariant scalar product {■,■): V xV —^ Cis assigned to a set {Ok}k£K+ ^ ^+ 
such that (m, v) = c^ < u,v >^ for all u,v & V^. Conversely, each {c]^}kgii'+ C IR+ defines 
a unique sesquilinear Hermitian-symmetric positive definite UqS{Un x u„)-invariant form 
inl^. 

Let us find explicit conditions for the coefficients {c^} to define the f/gSU„^ri-invariant 
form. 

Using the decomposition UgSl2n — Ugp^ ^Ugt^Ugp^ from Section llVk nd the definitions 
of Ugp^ and Ugp~, we see that it is sufficient to investigate invariance of (■, ■) under the 
subspaces p^ and p~. Moreover, it is enough to prove p+-invariance of (■, ■). We can see 
that if (■, ■) is p+-invariant, then it is p~-invariant. Indeed, for all rj G p~, u,v & V we 
have {jju^v) = {v,riu) = {ri*v,u) = (u,rj*v). 

Investigate the p+-invariance of the form (-, ■). From results of Section HVl it follows 

n 

that 'n'a,i3{pq){Vk) ^ © ^+e- ' Siucc the isotypic components V^^ are pairwise orthogonal, 

one need to check the invariance in "non-zero cases" only (that means for u G \^, v G 
^+e- 7 J = 1) • • • 5''^)- ^^ this case the invariant conditions are the following: for all ^ G 
UqSl2n, ueV^,ve V^, , J = 1, . . . , n. 



where Pj^ : V — > Vj^ is an orthogonal projection onto V^. In other words, 
Ck+e, < Pk+eM»AOu),v>^ = c^ < u, P^{7r^AC)v) >k 



^J "■ I '=J ' " ' ' ' -^ I ^J 



First consider the case a,P ^ Z. Recall that from Propositions EHHIIHI and El it follows 
that in (p~ © p+) ® V^ there exist t/g6ss-highest vectors ijjf^i, j,l = 1, . . . , n with weights 

(fcl K2, . . . , "^j-1 [^^j^^jji \^j^^j) "^j+li ■ ■ ■ 1 ^n-l f^Tii ^k,n\Ol p, fcn-1 "^n; • • • ; ("^n— i+l-p 

ei) — kn-i+2, kn-i — {kn-i+i =F 6;), . . . , /^i — k2) , respectively. Define [/^If-invariant maps 
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by their values on the ?7g6jis-highest vectors as follows: 

f cu.fk, a) ■ v^ I = n — j + 1 

^•^ ^' I ly^n-j + l 



rr"(V^r-^^"'"'" ~^'"^ 



^i(k,g) ■^^^_g., l = n-j + l 



Here Wp ■a7j(k, g) and u!j(k,q) are introduced in Propositions 1^1 171 and ITUl 
Lemma 4 For all ^ G p^ © p^, u G 1^, j = 1, . . . , n the following holds: 

^k+e,(^«./3(0«) = g-^-"/'[/3 - /., + J - i],T+^.(e ® «); 

Pk_e,(^«,/5(0«) = ?"+"/'[« + fc, + n - j],Tjr^.'(e ® u). 

Proof. The proof completely repeats the proof of Lemma 9.10 of the paper [S]. □ 

Using the last lemma, we can rewrite the ?7q5u„_„-invariance condition of the scalar 
product as follows: for all ^^ G p~ © p^, u G V^, v G Vk.^^,,j = 1, . . . ,n 

q-P-nl2^P - k, + J - 1], q,^,^ < Tl^{i ^u),v >^^^ = 



q»+n/2^a + {k, + l) + n- j], c^ < u, T^^^..{C ® v) >^ 



Proposition 14 < T+ (^ ®u),v >^+= - < u, T^ (C ® ^) >k for all j = 1, . . . , n. 



Proof. Since the maps T^- . does not depend on a, /3 G P, it is enough to consider 



k,i 

only the special case Re(a + /5) = —n. In this case the representation tTq,^^ is unitary, thus 
we can put q^ = 1 for all k G -ft'. Since g°+" = g~^, we see that 

^''""^ ^^1 (< ^(^ ® ^)' ^ >k+e, + < ^, T^^^JC ® V) >^) = 0. 

If we consider non-integral a, (3, then qP-^3+i~^ — g-z^+^j+i-i does not vanish. This com- 
pletes the proof. D 

Recall that a,/? ^ Z. Thus the [/gSU„^„-invariance condition of the scalar product can 
be rewritten as follows: for all k G -ft', j = 1, . . . , n 



(1 _ q^{-P+ki+l-j)^(^l _ g2{a+(fej+l)+n-i))-l 



k 



Cu, 



Since the scalar product must be positive definite, we have the following necessary con- 
ditions for the unitarizability of modules of the degenerate principal series (recall that 
q = e~^/^): for all k G -ft^, j = 1, . . . , n 



sh-(^ - k^+j - l)(sh-(a + (fc, + l)+n-j))-' < 0. 

Using these inequalities, we can present the following series of simple unitary repre- 
sentations of degenerate principal series related to the Shilov boundary. 
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The principal unitary series: Iie{a+(3) = —n, a, (3 ^ Z. In this case all representations 
are unitary. The invariant scalar product provided by the [/gSU„,„-invariant integral fIU\ . 

The complementary series: Im(a + /3) = 0, |Rea + n| < 1, |Re/?| < 1, (Rea + 
n)Rej3 < 0, a,/? ^ Z. In this case the representations 7ia,/3 are unitary too. (The required 
invariant scalar product (■, ■) is defined by the coefficients {c^} as follows: let Cq = 1, 
other coefficients are computed from recurrent relations such as (jl8|) .) 

The strange series: Ima = |. For such values of the parameters the respective repre- 
sentations TCa^fB are irreducible and unitary. This series of representations has no classical 
analogue. For the first time it appears in unpublished works of L.Korogodsky and in 
A.Klimyk and V.Groza's paper (see jB]). 

Now let a,/3 G Z. (Recall that in this case vr^,/? is reducible.) For such a, (3 there 
might exist unitarizable simple submodules in the respective module (we will mention 
them below), although the module is not unitarizable. For each simple submodule the 
same arguments as in "general case" on the f/gSU„^„-invariance of scalar product can be 
applied. In each case we have the necessary conditions like ()18j) . however they must be 
satisfied only on a certain part of K. Consider all possible cases: 

Case 1. a + (3 > 2 — n. In this case the representation is not unitary and its unique 
irreducible subrepresentation is not unitary too. 

Case 2. a+f3 = 1 — n. In this case there exist n irreducible unitary subrepresentations 
of the representation 7ia,i-n-a- Precisely, Vf (see (tT6|l ) is a simple submodule in V for 
any j = 1, . . . ,n. Notice that each Vj' can be equipped with a [/qSU„,„-invariant scalar 
product (■,■)• Such modules are called small representations because they have "poor" 
decompositions into isotypic components. 

Case 3. a + f3 = —n. In this case the representations are completely reducible, their 
irreducible subrepresentations Vf, i = 1, . . . ,n + 1 (see Sectional) are unitary (actually, 
the required invariant scalar product is the same as for the principal unitary series). 

Case 4. a + j3 < —1 — n. In this case the submodules Vf, i = 1, . . . ,n + l are unitary 
although there exist non-unitarizable quotient modules in V. 
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IX Appendix 

Let us prove Lemma |21 This proof is a q-analogue of the proof of Lemma 3.4 from 8J. 

Proof of Lemma [21 Statements ©-(EI) can be easily checked. 

For example, check the equality KjF^j = qFmjKj. For j — m = 1, i.e., m = j — 1, we 
see that KjFj_ij = KjFj_iKj_i = Fj_iKj_iKj = qFj_ijKj. Assume that for j — m < r 
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equations ©-(^2)) are proved. Let j — m = r. Then, 

j 
KjF^j = K,{Fm+i,jFmK^+Y^ (_l)^+'»+iF,,- ad,.,., . . . ad^.^^, {F^KjK{j, m+1, s-1)) 

s=m+2 
j 

= K,Fra+i,,F^K^ + ^ {-ly+'^+^KjF,, adi.,_, . . . ad^„+,(F^ir„)ir(j, m + 1, s - 1) 

s=m+2 

= qFra+i,jKjFraKm + q^, (-'^T^""^' ^^J^J ^^^s-i ■ ■ ■ ad^„+, (F™ir„)ir(j, m+1, s-1) 

s=m+2 

+ g(-iy+™+i adf^_, . . . ^dF^^,{F^Km)K, = qF^.K,. 

The proof is completed by induction. 

Using (O, prove equahty (jT^. Recall that [x\q = '^ Z'^^i ■ Iii the next equality we 
assume that Z = E^'- EmF^j = 

j 
= J](-l)^+™+iE„F,,- adi.,_, . . . adf„^, {F^KjK{j, m + l,s-l) + E^F^+.^^F^K^ 

s='m-\-2 
j 

= Yl {-^y^'^^FsjEm adf,., . . . adi.„+, {F^K^)K{j, m + l,s-l) + qF^+^^,EmFmKm 

s=m+2 
j 
= q Y^ (-l)^+™F,j &dF^_, . . . adF^^,{F,n+iKm+i)KlK{j, m+1, S-l)+qFm+l,j[Hm]gK^ 



s=m+2 

j 



i J2{-iy+"^+^Fs, adp^_, . . . ad^„^,(F„+iir„+i)K(j, m + 2,s- l))Kl 



-2 
'-•m 

s=m+2 



■ q^~"^~^Km+l . . . Kj^i[Hm+l + . . . + -ffj-1 + j ~m- l]g) + qFm+l,j[Hm]qKm 

= qFm+i,j{q^-"'-^KlKm+i ■ ■ ■ Kj_i[Hm+i + ... + Hj_i + j - m - 1]^ + [Hm]qKj) 
= Fm+i,jq^~"'Km . . . Kj_i[Hm + ... + Hj_i +j-m-l]g{ mod UgSln ■ E„,). 

Prove equality (J13p by induction, li j — m, = 2 and m < i < j, then i = j — 1, and (J13p 
means that Ej^iFj^2,j = (mod UgSin ■ Ej^i). It can be proved as follows: 

E,.,F,.2,j = E,^,{F,^,, F,_2K,.2 K{j,j - 1, j -2) -ad^^_,(F,_2K,-2) K{j,j -l,j-l)) 
= [Hj_,]gKj_,Fj^2Kj-2 - qFj_2Kj^2Kj-i[H,-i + 1], = (mod f/,sl„ ■ E^.,). 
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For the inductive step it is sufficient to check that for all m < i < j 

j 
EiF^j = Y, {-iy^""^^E,Fs, ad^,_, . . . a.dF^^,{F^Km)K{j, m+1, s-l)+EiFm+i,jFmK^ 

s=m+2 
i-l 

= J2 {-^y^""^^EiFsj adf^_, . . . adi.,„^, {F^K^)K{j, m + 1, s - 1) + EiFm+ijF^K^ 

s=m+2 

j 

+ ^(-l)^+™+iE,F,, adi.^_, . . . a.dF^^,{FmK^)K{j, m + l,s-l) 

s=i+l 

+ {-iy+"^+-^E,Fi^ ad^,_, . . . adp^^, {F^KjK{j, m + l,t-l), 

(we use (jT^ and (jT^ and assume Z = Ei). By the inductive hypothesis, for s < i we 
have EiFsj = (mod UqSin ■ Ei), therefore for all m < s < i there exists an element 
Xs e UgSin such that EiFsj = XsEi. From ^, E^Fsj = F^jEi. From (HH), EiFij = 
qF,+^^jq^-'-^K, . . . Kj_i[Hi + . . . + Hj_^ + j - t - 1],. Thus, 



i-l 



E F 



J2 {-ir^"'^'X.,E, adp^_, . . . ad^„^, {FrnKjKij, m + 1, s - 1) 

s=m+2 

j 

+ Xm+iEiFmK^ + Y, i-iy'-'^^'FsjEi ad^^_, . . . adF,,^^,{F^KjK{j, m + l,s-l] 



s=i+l 



+ (-l)^+™+iF,+i,,g^~^ir, . . . ir,_i [H, + ... + Hj.i +j-t-l]^ adf,_, . . . ad^^^, (F^Km) 
■ K{j, m + 1, z - 1) = (-l)*+"+igF,+i,, adi.,_, . . . ad^.^^, {F^K^)Kij, m + l,i) 
+ (-l)'+™F,+i,,E, adi., . . . adi.„+, {FmKm)K{j, m + 1, z) = ( mod f/,s[„ ■ Ei). D 

The proof of Lemma El is similar. 

Let us prove Proposition [7| We just have to compute the coefficients Cj(/3, kj). Recall 
that there is a UqSln ® f/q5[„-isomorphism ji : p+ ~ C" ® (C")*, where C" is the vector 
representation of UqSln- The isomorphism jf ^ on the elements of the standard basis for 
C" (g) {€")* is defined as follows: 

f ei<gel ... £i®<\ 

En-i <gel 

\ En^el ... en®e*J 

. . . (-1)"~^ ^<^E2^-i ■ ■ ■ ad£;„+i adiji . . . ad£;„_, EA 



/adEi . . . ad£;„_, E^ 



\ 



ad£;„_, En 

En 



- ad£;„^i En 



1)" ad£2„_i . . . adE„+, En ) 



(This follows from the equalities aAp- En = 0, ad|;. En = for j = 1, . . . , 2n — 1, j 7^ n, 
adxj. £"„ = E„ for j = 1, . . . , n - 2, n + 2, . . . , 2n - 1, ad^-^. En = q~^En for j = n - 1 or 
j = n + 1.) Consider the following embeddings of vector spaces 

Li : UqSin ^ UgSln ® UgSln, ^ ^ ^ ® 1; 

L2 : UgSln ^ UqSln ® UqSln, ^ ^ 1 ® ^. 
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Sete« = .i(0ande(')=.2(0- 

From Propositions El and we deduce that for all j = 1, . . . , n, k e i^ 

i 

m=l 
n j n 

m=n—j+l m=l l=n—j+l 

® e*i ® FmjK_{j, 1, m - l)u Sn-j+i,i L_{n- j + 1,1 + 1, n) m*), 



Proposition 15 For all j = 1, . . . ,12,1^ E K 

M\iQ ® a-i+i) = \-{n-j + l,n-j + 2, n)M\iQ ® <_^.+i ® m*), 

where L_ \n — j + 1, n — j + 2,n)(f^) = A^(n — j + l,n — j + 2, n)^^. 
Proof. In the same way as in :8j, we have 

j n 

m=l l=n—j+l 

m=l 

j n 

m=l i=n— j+2 



-(i)i^(i)^„- 1 _ ^\..K>, c(2) r(2) 



® e; ® F'^'K'yU, 1, m - 1)« ® S;,^^.^!^, LL^^(n - j + 1, / + 1, 



nm 



X-{n-j + l,n-j+2,n)M\{J2i-(l'r''^m(^<-j+i®F!njK^-\jA^rn-l)u®u* 



m=l 

■J n 



m=l i=ra— j+2 

= A-(n - J + 1, ri - J + 2, n);W+k(0 ® <-j+i ® «*) 

+-^^k( E E(-5')™"'^-®(^d^"-----^d^.)^'^<-.+i 

Z=n— j+2m=l 



^(i)z<-(i)r.- 1 ^ i^„, ^ c(2) r(2) 



n] u 



® F^'K'^'U, 1, m - l)u ® 5;,^4.+i,,LL'^(n - j + 1, / + 1, 
= A-(n - J + 1, n - J + 2, n)M^^{Q ® <„^.+i ® u*) 

n 
;=n-j+l 
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The vector ■M^'^iQ ® £n~j+i ® ""*) ^ ^+e- ^^^ i^ a t/gS[„ 1-highest vector. Therefore 
M\{Cj ® 4_,+i ® n*) G Fk+ -M+k(Ci ®k-,+i ® w*) = c ■ t;^ , ^. with some c G C. Now 
we conclude that in the obtained expression all summands except the first equal 0. D 
To find Cj{P, kj) we must compute 



-^^(0 ® <-,+! ® u*) = M\{J2i'<lT-'e^ ® <_,.^.i ® F«iri^) (j, 1, m - 1)« ® n*) 



^(-g2)™ ^7r„,4-l)^ ^ adE„+^_, . . . adE„+, adE^ . . .adE„_, E„ 



m=l 

F!^]K^y{j,l,m-l){vi). (Al) 

We need some auxiliary lemmas. Recall that in this paper we introduce the notation for 
q-minors of the matrix z (see ^). Set z^^^^ ,j^ = z r^^''"' ^ ,. 

Lemma 5 For alll<m<k<j — 2 

i-2 



. yj ■^ ^l,...,m-l,m+l,...,j 2-^ \ H) '^l,...,s-l " ' 1 "■^ 



Afc 
-l,s+l,.--J'^lv,"i-l,"i+l, 
s=A;+l 



- 7'^^'^ 7^^ n 

Lemma 6 For all 1 < m < j < n we have Fmj = q-^~"^~^Gmj, where 

j 
G^j = FmKmFm+i,j +Y^{-qy'"''^ adF,_i . . . iidF^+AFmK^)FsjK_{j, m + 1, s - l).n 

s=m+2 

Lemma 7 For all 1 < m < j < n 

where K-{j,m + 1, j — l)(f^) = K,-{j,m,j — l)v^. 

Proof. We prove this lemma by induction. For j — m = 1 the statement is obvious, 
since 

Gm,m+l{vi) = F^K^iiz'-^f^-^^ . . . (Z^'^)'^") 

_ „fcm-fcm+i„l/2rj, u 1 ( ^Al\ki-k2 ( ^Am.-l\km-i-km^Am ( ^Am\km-km+i-'^ 

— q y [ft'm l^m+l\qyz ) . . . yz ) ^l,...,m-l,m+ll^ ) 

For the proof of the inductive step we use two previous lemmas. By Lemma El we have 



GmA4) = E i-lT^""' adi.,_, . . . adp^^^iF^K^) ■ F,jK4j, m + 1, s - 1))( 

s=m+2 



4) 



j 

J2 (-g)'"""''^-(j, m + 1, s - 1) adp.^_, . . . ad^„^, (F^i^^)F,,(4) 

s=m+2 
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By the inductive hypothesis, for all j — s < j — m 

s=m+2 



> 



Q 



i/20-n.-i)^_(_^- ^ + 1, J - 1) . {F^KUzt,l-l,m+l,...,^^) 



s=7n+2 

Using the exphcit formulas for the f/gS[2n-action in C[Mat„]g and properties of the comul- 
tiphcation (see Sectioning, we obtain that 



v^ 



z -^ 

— {n^/'^\^-"^(n^m~km+i\U h. 1 { ^Al\ki-k2 / Am-l\k^^i-km Am 

— \H ) KH Fm ~ l^m+l\q\Z ) ■ . . . ■ [Z ) ^l,...,m-l,m+l,...,s 

( ^Am\km-km+i-l /^As-lNfcs-i-fcs^Aj-l / As\ks-ks+i . . f ^An\k„ 

+ (-g)g'''""^'"+^+'''"+^"'''"+'[A;™+i - km+2Uz''^)''''''' ■■■■■ (2^"^)^™-^™+! 

Am+l ( ^Am+l\km+i-km+2-l ('^As-l\fcs-i-fcs Aj-1 

■ ^l,...,m-l,m+l,...,sl^ J ... 1^^ ; ^l,...,s~l,s+l,...,j 

• (^As^fc,-fc.+i . _ _ _ . (^An^fc„ + . . . + ^_qy-^qk^-kn.+ i+...+ks-2-ks-i^f.^^_^ _ ^^_^j^ 

/'^Al\fci-fc2 ( As-2\ks-2-ks-i^As-l ( As-l\ks-i-ks-l Aj-1 

■ l^ J ■ . . . ■ l^x; ; ^l,...,m-l,m+l,...,s ■ l^ J ^l,...,s-l,s+l,...,j 



Finally, by Lemma El we see that 



As-2Nfcs-2-fcs-i/^As-lNfcs-i-fcs^Aj-l f As\ks-ks+i f ^An\kn 

'^ ) \'^ ) ^l,...,m-l,m+l,...,jl^ ) ■ . . . ■ yz ) 



^ g — g 

By the last lemma and ( |(A1)| ), we can compute the coefficients Cj{P,kj) introduced in 
Proposition 13 

Proposition 16 For all 1 < j < n 

M\{Q ® £:_,+! ® U*) = q-P~n/2+k,+J^^ _ j^^^j _ i]^^_(^. 1^^. _ i)^.^^^_ 

Proof We have 

-^\(Ci®<-,+i®M*) = ^(-g2)'"'V«,;j((-l)^''^ adi,„+^^_, . . . ad£;„^, ad^^ . . . ad£;„_, E^) 

m=\ 

■ F«ir«(j, l,m - 1)4 = ^(-g2)"-i«:_(j, l,m - 1) 



m,=l 

+j_i • • • "^_e/n+i '^^Him • • • "^-C/n— 1 ^-"n J -^ rnj ^k' 



7^a,/3((-l)^ ^ ads„ . . . adi5„+, adi^^ . . . ad^^^., En)Fi^}v!' 
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By Lemma [71 

i-i 

V- 

+ {-qy~^i^-U, 1, J - l)7ra,/3((-l)^^^ adi5„+,-i • • • ad£;„+, ad^^^. . . . adi5„_, En){v^) 

i-i 

m=l 

A -1 4 

■ 7r„,/3(adB„+._, . . . adE„+, adE^ ■ ■ ■ adE„_, ^n)(^i,!.,™»i,™+i,...j^— y) 

+ q^^~^f^-{j, 1, J - l)7ra,/3(adE„+^._i . . . adE„+, ad^^ . . . adE^_, En){v^). 
In Section |n] the following morphism of ?7gSl2n-niodules was defined: 

c : C[Mat„], ^ C[P1„,2.].„ ^(^"{t'.'.'.aj ) = ^"'^{lU-nli, 

with J = {n + 1, . . . , 2n} \ {2n + 1 — bi, . . . ,2n + 1 — bk} U {ai, . . . , Ofc}. Therefore 
^(^"') = t-'iit.M{i.-An+i,-,2n-kr It follows that 

,(„,h\_c,-ki(,r\n \k1-k2 /j-An \A:„ 

''l^J — q ^ {'^{l,...,n}{l,n+l,...,2n-l}) ■ ■ ■ V-{l,...,n}{l,...,n}) ) 

where some c G C Using the definition of tTq^^, we obtain that for all ^ G f/g5[2n, 

/ e C[Pl„,2n],,i 

For m < j 

{adE„+j^l ■ ■ ■ ad£„+i ad£;„ . . . &dE„_^ En){t {i,.'.''^-l,m+l,...,i,n+l,...,2n-i,2n-m+l}) 

— l^-LJ W ) q '^{l,...,n}{l,...,i,n+l,..,2n-j}5 

and for m = ] (ad£„+^_, . . . adE„+, ad^j^. . . . adB„., E„)(t^{^ _„}|i^ ^^_i„_^.i _2n-j+i}) = 
(^g-i/2^n^An ^^^ 2n-j\- "^^^ other summands we use an analogue of Lemma El 

Finally, we have 



-^^(0 ® <-,+! ® u*) = k4j, 1, J - l)g-"/2 ■ iq' J2 ?"""' + i_,-2 



ili 1 _ „-2/3+2fci 

V ^ 2m— 2 y 

)9-u J = K_i^j, i,j - ijg ' -yq 2^q H ^ 

Eg''"^'""' 1_ -2 )-4+e. = q-'-''^'^'^^'^-UA,J-m-k,+J~l],n. 



i 1 1 ^-2fe™^+2fc„+i 

m=l 

D 
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Repeat the same arguments to prove Proposition ^1 First, we have the exphcit 
formulas for the isomorphism J2 '■ Pq — (C")* ® C": 

'elQ^Ei ... e;®£i 

( (-lf-iad^,...ad^„_,(ir„F„) ...-adi.„_,(K„F„) K^E^ \ 

\(-l)"-i adi72„„, . . . adF„+i adi., . . . adi.„_, (i^„F„) ... ... adir^^., . . . adF„+i {KnFn)j 

For the proof of Proposition^] we must compute the following: 

n n~j+l 

m=j m=l 

n n—j+1 

m=j 1=1 

® S^]Il^1\j, m+1, n)u ® F^^^ .^.i^i'V - j + 1, 1, / - l)u* 



Proposition 17 For all 1 < j < n 

M-^{^'^ ® C+i) = A-(j, J + 1, n)M-^{e* 0u® C-,+i), 

where L_{j,j + l,n)u = X-{j,j + l,n)u. 

The proof is similar to the proof of Proposition [T31 

Therefore in order to find the coefficients dj{a,kj) introduced in Proposition ITOl we 
must only compute 

n-j+l 

= M-^{ Yl (-^')'"'S* ® ^i ® « ® F;,„_,+iir_(n - J + 1, 1, / - l)u*) 
1=1 

n-j+l 

= Yl i-iy^^^o^A^^F, ■ ■ ■ adF„_, adF„_i+, • • • adF„+,(K„F„)) 
1=1 

These computations are analogous to the ones from the proof of Proposition ^1 
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Fig.l. Structure of tt^,/? with a + P >0. 
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Fig. 2. Structure of tt^,/? with a + /9 = —1. 



32 



k^. 



-a 



/9+1 



j3 —a — 1 ki 

Fig. 3. Structure of tt^,/? with a + [3 = —2. 
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Fig. 4. Structure of tt^,/? with a + {3 < —3. 
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